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A cohesive interface modeling approach to debonding analysis of adhesively bonded interface between
two balanced adjacent ﬂexural cracks in conventional material (e.g., concrete or wood) beams strength-
ened with externally bonded FRP plates is presented. Both the strengthened beam and strengthening FRP
are modeled as two linearly elastic Euler–Bernoulli beams bonded together through a thin adhesive layer.
A bi-linear cohesive model, which is commonly used in the literature, is adopted to characterize the
stress-deformation relationship of the FRP–concrete interface. Completely different from the single-lap
or double-shear pull models in which only the axial pull force is considered, the present model takes
the couple moment and transverse shear forces in both the substrates into account to study the second
type of intermediate crack-induced debonding (IC debonding) along the interface. The whole debonding
process of the FRP–concrete interface is discussed in detail, and closed-form solutions of bond slip, inter-
face shear stress, and axial force of FRP in different stages are obtained. A rotational spring model is intro-
duced at locations of the two adjacent ﬂexural cracks to model the local ﬂexibility of the cracked concrete
beam, with which the relationship between the local bond slip and externally applied load is established
and the real bond failure process of the FRP-plated concrete beam with the increasing of the externally
applied load is revealed. Parametric studies are further conducted to investigate the effect of the thick-
ness of adhesive layer on the bond behavior of FRP–concrete interface. The present closed-form solution
and analysis on the local bond slip versus applied load relationship for the second type of IC debonding
along the interface shed light on the bond failure process of structures externally strengthened with FRP
composite plates and can be used effectively and efﬁciently to predict ductility and ultimate load of FRP-
strengthened structures.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
For conventional materials, such as concrete and wood beams
or slabs, external bonding of ﬁber reinforced polymer (FRP) com-
posites as demonstrated by both laboratory and ﬁeld applications
is used as a viable and efﬁcient technique in ﬂexural strengthening
and retroﬁtting of structures. In this strengthening technique, the
adhesively bonded interface between FRP and concrete plays a cru-
cial role in providing effective stress transfer from the concrete to
FRP plates as well as securing the integrity and durability of the
plate-strengthened structures. Failure resulted from the debonding
of the plate along the FRP–concrete interface is commonly found in
this kind of strengthened structure (Sebastian, 2001; Triantaﬁllou
and Plevris, 1992; Yao et al., 2005). In such a case, the plate-con-ll rights reserved.
ivil and Environmental Engi-
ane St., Pullman, WA 99164-
32.crete interface generally refers to a thin layer of adhesive as well
as the adjacent concrete, within which the relative deformation be-
tween FRP and concrete mainly takes place as evidenced by the
experimental study (Yuan et al., 2004). Debonding along this inter-
face can lead to premature failure of structures. Therefore, accurate
prediction and characterization of interface performance and fail-
ure process are essential for design of structures externally bonded
with FRP composites.
Debonding along FRP–concrete interface can be broadly classi-
ﬁed into two major types (Teng et al., 2003): (1) plate end debond-
ing which initiates at the end of the plate and propagates inwards
due to the high interface stresses near the ends of the bonded plate,
and (2) intermediate crack-induced debonding (IC debonding)
which initiates at the bottom of a ﬂexural or shear/ﬂexural crack
of the concrete beam and propagates towards the plate end. A large
number of studies in the literature have been carried out to predict
the plate end debonding failure mode, and good estimation and
solutions of the debonding process were obtained (Abdelouahed,
2006; Malek and Saadatmanesh, 1998; Qiao and Chen, 2008;
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2009). For the IC debonding, one or more signiﬁcant cracks may ex-
ist in the concrete along the bonded interface. Accordingly, this
failure mode can further be divided into two types: (1) single crack
induced debonding (so-called the ﬁrst type of IC debonding), in
which only one crack exists in the concrete and there is no other
crack between the free end and the crack where debonding initi-
ates, and (2) multi-crack induced debonding (so-called the second
type of IC debonding), in which more than one cracks are distrib-
uted along the bond length of the beam.
In recent years, many experimental and analytical studies have
been conducted on the ﬁrst type of IC debonding, and various mod-
els have been proposed (Au and Büyüköztürk, 2006; Leung, 2001;
Pan and Leung, 2007; Sebastian, 2001; Yao et al., 2005). In order to
capture the local stress singularity at location of the crack, linear
elastic fracture mechanics (LEFM) has been adopted by many
researchers. Using high-order beam theories, Rabinovitch (2004)
and Rabinovitch and Frostig (2001) obtained the energy release
rate (ERR) at the debonding tip. Considering the transverse shear
deformation in both adherends, Qiao and Wang (2004, 2005) and
Wang and Qiao (2004, 2005) improved the Suo and Hutchinson
(1990)’s interface fracture solutions and obtained closed-form
expressions of ERR of the bi-material interface fracture. More re-
cently, a cohesive zone model (CZM) is getting more and more
interests by researchers when studying the IC debonding (Täljsten,
1996). Based on a single-lap pull model, Chen and Teng (2001), Wu
et al. (2002), and Yuan et al. (2004) studied this failure mode, and
explicit expressions of the ultimate load of the joint in different
stages are obtained. Although with its simplicity, many important
factors, such as transverse shear forces and couple moments in
both adherends, failed to be accounted for due to the nature of this
kind of simple model. Based on Euler–Bernoulli beam theory,
Wang (2006a,b) developed a cohesive zone model to analyze this
kind of debonding failure by introducing shearing forces and cou-
ple moments into both the adherends in addition to axial forces.
Thereafter, Pan and Leung (2007), Rabinovitch (2008a), Wang
(2007), Wang and Zhang (2008), and Yuan et al. (2007) further
studied this debonding mode by taking into account the effect of
peeling stress along with the interface separation on the FRP–con-
crete interface. Recently, a comparison of the LEFM and CZM mod-
els is conducted by Rabinovitch (2008b), and their advantages and
disadvantages as well as their applicability to the debonding anal-
ysis of the FRP plated beams were investigated.
It should be noted that in normal plated concrete beams, a series
of cracksaregenerallydistributedalong thebond lengthof thebeam.
In other words, other cracks exist at locations between the major
ﬂexural crack and the plate end. As a result, the mechanics of the
multiple crack-induced debonding process can be signiﬁcantly dif-
ferent from that of single crack-induced debonding as discussed by
Teng et al. (2006). However, only a few studies have been conducted
on this kindof IC debonding in the literature. By employing abilinear
local bond-slip model, Teng et al. (2006) presented an analytical
solution for the debonding process of the FRP–concrete interface be-
tween twoadjacent cracks. Throughneglecting the elastic ascending
branch in the cohesive law, Chenet al. (2007)developedamuch sim-
pler closed-form solution for the entire debonding and propagation
process of the FRP–concrete interface between two adjacent cracks.
However, both these studies were based on double shear model in
which the shear forces and couplemoments in both adherendswere
still ignored. Moreover, in these two studies, the axial forces in both
the concrete beam and FRP were artiﬁcially ﬁxed to be proportional
to each other, and in this way, the solutions for the FRP–concrete
interfacewere established as the functions of axial force in FRPplate.
While in the actual engineering problem, the exact distribution of
the axial forces either in the concrete beam or in the strengthening
plate cannot be predicted, nor can the real relationship among theaxial forces in the concrete beam and that in FRP be known. In this
respect, the solutions of these two studies cannot predict the differ-
ent applied loadings corresponding to different interface stages.
Therefore, there is a need to develop an effective and improved ap-
proach which can really disclose the bond failure process of the
FRP–concrete interface in the multiple IC debonding beams as the
externally applied load increases.
To this end, a cohesive zone model of multi-crack induced deb-
onding is established in this study. The shearing forces and couple
moments are accounted for by modeling the concrete beam and
FRP plate between two adjacent cracks as two linearly elastic Eu-
ler–Bernoulli beams bonded together through a thin layer of
plate-concrete interface. A rotational spring model is introduced
at locations of the two adjacent ﬂexural cracks to model the local
ﬂexibility of the cracked concrete beam. The whole debonding pro-
cess of the FRP–concrete interface is discussed in detail, and
closed-form solutions of bond slip, interface shear stress, and axial
force of FRP in different stages are obtained. The relationship be-
tween the local bond slip and externally applied load is estab-
lished, and the real bond failure process of the plated concrete
beam with the increasing of the actual externally applied load is
disclosed. The objectives of this study are three-fold: (1) to disclose
the bond failure process of the FRP–concrete interface by linking
the bond slips with the actually applied load of different stages
in the whole failure process, (2) to examine the effect of the thick-
ness of the adhesive layer on the performance of the FRP–concrete
interface, and (3) to possibly provide better insights into the mech-
anism of the second type of IC debonding along the plate-concrete
interface in the plated beams in ﬂexure.2. Idealized bi-material beam model and governing equations
Consider a simply-supported concrete beam with a span of L0
reinforced by an FRP plate through a thin adhesive layer. The
FRP-plated beam is subjected to two point loads P (Fig. 1). Denote
bP and hP for the width and the thickness of the plate as well as bc
and hc for those of the concrete beam, respectively. The thickness
of the thin adhesive layer is h0, and it is much smaller than that
of the concrete beam and assumed to be constant along the length.
The geometry and the cross-section of the plated concrete beam
are shown in Fig. 1. The distances from the plate ends to their cor-
responding supports are S1 and S2, respectively; while those from
the left point load to the left plate end and the right point load
to the right plate end are L1 and L2, respectively. It is easy to ﬁnd
from Fig. 1 that the cross sections at locations of the two point
loads are weaker than others due to the sudden change of shear
forces and the locations of maximum moments. Therefore,
although other cracks might also exist along the FRP–concrete
interface, it can be assumed that two cracks distributed at locations
of the two point loads are dominant ones. From the load conﬁgura-
tion shown in Fig. 1, we can also ﬁnd that the transverse shear
force in the concrete beam between the two adjacent cracks or
the two point loads is much smaller than the ones in other portions
of the beam. Thus, the two dominant cracks can be further as-
sumed to be ﬂexural dominant one. For the convenience of presen-
tation, the beam portions located at the left and right cracks are
hereafter abbreviated as the left and right ends, respectively.
The behavior of the plate-concrete interface between the two
adjacent ﬂexural cracks may be idealized as the simple model
shown in Fig. 2. Externally applied forces and moments on the
plate and the concrete beam along with the sign of the coordinate
are also shown in Fig. 2. In the concrete beam, the axial forces may
either be tensile or compressive, which are dependent on the depth
of the crack in the concrete beam. The basic assumptions adopted
in the present study are summarized as follows:
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Fig. 2. Idealized model of plate-concrete bonded joint between two adjacent
ﬂexural cracks.
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(2) Before local debonding, the FRP–concrete interface is per-
fectly bonded through the thin adhesive layer; the concrete
beam, FRP plate, and adhesive layer work together, and the
displacements are continuous at the interfaces between
the adherends and the adhesive.
(3) The adhesive layer has a constant thickness and behaves lin-
ear-elastically; the bending stiffness of the adhesive layer is
neglected, and as a result, only the shear deformation exists
in the adhesive layer; the longitudinal displacement of the
adhesive layer is linearly distributed across the transverse
section.
(4) Deformations of the adherends (i.e., concrete beam and FRP
plate) are due to the bending moments and axial forces only;
while the transverse shear deformation is not taken into
account since the Euler–Bernoulli beam theory is considered.
2.1. Equilibrium equation
Considering a typical inﬁnitesimal isolated body of the plated
concrete beam as shown in Fig. 3, the following equilibrium equa-
tions are established:NC
MC
Q C
dx
pN
CQ
pM
CdQ+Q C
CN + dNC
CdM+MC
pM + dMp
PN + dNp
pQ + dQp
σ
Q p
TM
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TQ
τ
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Fig. 3. Inﬁnitesimal isolated body of the FRP strengthened concrete beam.dNcðxÞ
dx
¼ bpsðxÞ; dNpðxÞdx ¼bpsðxÞ ð1aÞ
dMcðxÞ
dx
¼Qc bpsðxÞ
hc þh0
2
;
dMpðxÞ
dx
¼QpbpsðxÞ
hpþh0
2
ð1bÞ
dQcðxÞ
dx
¼bprðxÞ;
dQpðxÞ
dx
¼bprðxÞ ð1cÞ
NpþNc ¼NT ð1dÞ
QpþQc ¼QT ð1eÞ
MP þMc þhpþhc þ2h02 Np ¼MT ð1fÞ
where Ni, Qi and Miði ¼ c; pÞ are the horizontal axial force, vertical
shear force and couple moment, respectively; sðxÞ and rðxÞ are
the interface shear and normal stresses, respectively; NT , QT and
MT are the total applied forces (moment) expressed by the right
equality (see Fig. 3). For convenience, we deﬁne that all the result-
ing applied forces (couple moment) act on the neutral axis of the
concrete beam or the FRP plate.
2.2. Constitutive relationship and interface cohesive law
According to the assumption (4), the constitutive equations for
the concrete beam and FRP plate are expressed as:
Ni ¼ Ci duiðxÞdx ; Mi ¼ Di
dw2i ðxÞ
dx2
ð2a;bÞ
where ui and wi are the axial and vertical displacements, respec-
tively; Ci and Di are the axial and bending stiffness of beam
i ði ¼ c;pÞ, respectively, and Ci ¼ Eibihi, Di ¼ EiIi; bi;hi and Ii are
the width, height and moment of inertia of beam i ði ¼ c; pÞ, respec-
tively. Eiði ¼ c;pÞ are the Young’s moduli of the plate and the con-
crete, respectively.
For the FRP–concrete interface, the available experimental re-
sults have shown that the real stress-deformation relationship of
the interface is nonlinear (Dai et al., 2005; Yao et al., 2005). The
stress-deformation relationship in this context is generally referred
to as the bond-slip law in the literature since the deformation of
interface is mainly the relative displacement (slip) between the
FRP plate and the concrete beam. By considering a nonlinear
bond-slip law, it is possible to model the whole debonding process
of FRP–concrete interface as demonstrated by Wu and Yin (2003)
and Yuan et al. (2004). As pointed out by Wang (2006a,b), the non-
linear bond-slip relationship is essentially the cohesive law of this
zone. Therefore, by using a nonlinear bond-slip law in the analyti-
cal model, the debonding process is basically approached through a
nonlinear fracture mechanics method, i.e., the cohesive zone model
(CZM). Compared with the single-parameter fracture approach of
LEFM, which ignores the microscopic details and discloses little
what happens within the damage zone, the CZM takes the behavior
of fracture processing zone into consideration and provides a way
to examine the ‘‘inner problem” of understanding, characterizing
0 δ f
fτ
fδ
fτ
δ1
δ1 δ
τ
Fig. 4. Bi-linear bond-slip model.
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sipation during FRP–concrete interface debonding process.
In the CZM, the locally damaged materials, which form a narrow
band of localized deformation, may be modeled by nonlinear
springs. The mathematic model of the nonlinear spring is ex-
pressed as:
s ¼ f ðdÞ ð3Þ
where d is the slip between the FRP plate and the concrete beam.
Extensive studies have been conducted on characterizing this
nonlinear FRP–concrete interface, and various bond-slip laws have
been proposed. Among them, the bilinear bond-slip law is the most
popular one for its simplicity and good agreement with experiment
observations (Teng et al., 2006; Wang, 2006a; Wang, 2006b; Yuan
et al., 2004), and therefore, is also adopted in this study. As shown
in Fig. 4, the bilinear bond stress-slip law consists of two stages: an
initially elastic stage in which the interface stress increases with
the slip until it reaches a maximum value sf (the corresponding
bond slip reaches d1Þ and a softening stage in which the interface
stress decreases with the slip until it arrives at zero (the corre-
sponding bond slip arrives at df Þ.
Considering both the positive and negative slips at the left and
right ends, the constitutive equations for the slip law as modeled in
Fig. 4 are established and expressed by the following equations:
f ðdÞ ¼
sf
dfd1 ðdf  dÞ when  df 6 d < d1
sf
d1
d when 0 6 jdj 6 d1
sf
dfd1 ðdf  dÞ when d1 6 d < df
0 when jdj > df
8>>><
>>>:
ð4Þ
From the point view of the CZM, the slip law expressed in Eq. (4)
is the inherent property of a given material. In the bilinear bond
slip model expressed in Eq. (4), the area surrounded by the bilinear
represents the interface fracture energy Gf , which is independent
of the exact shape of the local bond slip curve and calculated as:
Gf ¼
Z df
0
sdd ¼ 1
2
dfsf ð5Þ
where sf is the interface maximum shear strength, and df is the
bond separation slip when the cohesive shear stress reduces to zero.
2.3. Interface compatibility condition
Existing solutions (Smith and Teng, 2001) showed that in FRP
strengthened concrete beams or slabs that are mainly subjected
to ﬂexural loadings, except for FRP end debonding due to FRP trun-
cated near the supports which results in a sudden change of the
ﬂexural stiffness of the cross section and high stress concentration
near the FRP end, of most cases, the interface normal stress has lit-
tle contribution to the FRP–concrete interface debonding. The
study of Spacone and Limkatanyu (2000) also indicated that in
the ﬂexural plate-strengthened concrete beams, the stresses exist
in the FRP–concrete interface are dominantly the shear stress;while the ratio of the interface normal stress to the total interface
stress is less than 10%. According to Rabinovitch and Frostig (2001),
the concrete beam and FRP plate are in contact at the vicinity of the
ﬂexural crack, which suggests that the normal interface stress is
compressive at this location and to some extent would prevent
the debonding of the FRP–concrete interface if the friction is con-
sidered. In addition, in actual engineering application, U-type FRP
hoop or other kind of anchors are usually used, and they increase
the adhesive interface friction under normal compressive stress in-
duced by the stretching of the hoop and thus improve the resis-
tance to interface debonding when the interface sliding occurs. In
these respects, the effect of the interface normal stress on the
behavior of FRP–concrete interface is neglected in this study, and
as a consequence, the IC debonding is treated approximately as a
mode II fracture. Therefore, an assumption also made commonly
by other researchers (Smith and Teng, 2001; Teng et al., 2006;
Wang, 2006a,b; Wang and Zhang, 2008; Yuan et al., 2004) is
adopted in this study when establishing the interface normal dis-
placement compatibility condition, which states that the FRP plate
and concrete beam have the same curvature, i.e.,
d2wpðxÞ
dx2
¼ d
2wcðxÞ
dx2
ð6Þ
Experimental data also evidenced that the main interface defor-
mations are due to the slip between the concrete beam and FRP
plate (the relative longitudinal displacement between the bottom
of the concrete beam and the top of the FRP plate). However, most
existing models in the literature did not take the effect of the thick-
ness of the adhesive layer into account. This means that the inter-
face bonding slip is independent on the thickness and material
properties of adhesive layer. According to the experimental study
of Pan and Leung (2007), the mean thickness of the adhesive is
an important parameter which inﬂuences the debonding behavior.
In their study, a data ﬁtting method was employed to determine
the appropriate thickness of the adhesive for the provided speci-
mens, i.e., the adhesive thickness that produced the strain values
in good agreement with the experimental results was taken to be
the actual mean thickness of the adhesive. However, the effect of
adhesive layer on the interface bond behavior was not analytically
presented in their study. Therefore, to better guide the present
analysis, the effect of the adhesive on the interface bond behavior
is accounted for in the present study, and the interface longitudinal
displacement compatibility condition is then expressed as:
d¼ ucðxÞþhc2 
dwcðxÞ
dx
  
 upðxÞhp2 
dwpðxÞ
dx
  
þ h0
G0
sðxÞ ð7Þ
where G0 and h0 are the shear modulus and thickness of the adhe-
sive layer, respectively.
2.4. Governing equation
Substituting Eqs. (2b) and (1f) into Eq. (6) yields
d2wcðxÞ
dx2
¼ hc þ hp þ 2h0
2ðDc þ DpÞ Np 
MT
Dc þ Dp ð8Þ
Multiplying Dc on both sides of the above equation gives:
Mc ¼ DcDc þ Dp 
hc þ hp þ 2h0
2
Np þMT
 
ð9Þ
Substituting Eqs. (2a) and (9) into Eq. (7), differentiating with re-
spect to x and introducing the parameters of local bond strength
sf and interfacial fracture energy Gf yields:
Np ¼ bpsf
df k
2
NT
Cc
þ k2CQMT  dddxþ
h0
Ga
ds
dx
 
ð10Þ
2622 F. Chen, P. Qiao / International Journal of Solids and Structures 46 (2009) 2618–2628Differentiating Eq. (10) once more with respect to x and combining
with Eqs. (1) and (3) gives the following governing differential
equation
d2d
dx2
 df
sf
k2f ðdÞ  h0
Ga
d2f ðdÞ
dx2
¼ k2CQQT ð11Þ
where
k2 ¼ sf
df
bp
1
Cp
þ 1
Cc
þ ðhp þ hcÞðhp þ hc þ 2h0Þ
4ðDp þ DcÞ
 
; CQ ¼ hp þ hc
2ðDp þ DcÞk2
ð12a;bÞ
The governing equation shown in Eq. (11) is similar to that
introduced by Teng et al. (2006), except that there are an addi-
tional item CQk2QT in Eq. (11) and the item
ðhpþhcÞðhpþhcþ2h0Þ
4ðDpþDcÞ in the
parameter k (see Eq. (12a,b)), both of which reﬂect the effect of
shearing force and couple moment in the plated concrete beam
on the FRP–concrete cohesive interface. In this respect, the present
study can be viewed as an extension of the study by Teng et al.
(2006). By substituting the bond slip law (Eq. (4)) into Eq. (11),
the differential governing equations of three different failure stages
of the concrete-FRP interface can be obtained (see Section 3 in de-
tail): (a) linear elastic stage; (b) elastic-softening stage; and (c)
elastic-softening-debonding stage.
3. Solutions for the failure process of bonded interface
Without loss of generality, it is assumed that L2 P L1 (see Fig. 1).
After the ﬂexural cracks occur and reach their balance, the inter-
face shear stress is relative small and less than sf , and the whole
interface within the two adjacent ﬂexural cracks is in the elasticτ < τf
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Fig. 5. Interface shear stress distributions at various states: (a) Elastic stress state (OA
softening zone (AB in Fig. 8); (d) initiation of softening at x ¼ 0 (point B in Fig. 8); (e) pr
(point C in Fig. 8); (g) propagation of debonding (CD in Fig. 8); (h) disappearance of soften
interface remains elastic; (j) propagation of debonding (DE in Fig. 7); (k) peak shear strstage (State I). For the convenience of discussion, the interface is
deﬁned to be in an elastic state if the whole interface is elastic;
in an elastic-softening state (State II) if one portion of the interface
is elastic while the other portion undergoes softening; and in an
elastic-softening-debonding state (State III) if there are three dif-
ferent portions of elastic, softening and debonding states in the
interface. With the increasing of the externally applied load, both
the interface stresses and bond slips develop along the FRP–con-
crete interface. When the interface shear stress at the right end
reaches sf or the right slip reaches d1, the bond interface near
the right end enters the softening stage while the other portion
of the interface still remains in the elastic stage, and the interface
then becomes in the elastic-softening stage (State II). If the bond
slip at the right end is greater than the separation slip df , the shear
stress reduces to zero and the full debonding initiates at the right
end. Correspondingly, the interface is now in the elastic-softening-
debonding (State III).
3.1. State I: linear elastic state
When the whole interface is in an elastic stage (Fig. 5a), the
bond-slip law is given by the second equation of Eq. (4). Substitut-
ing this equation into the governing equation (i.e., Eq. (11)) gives
the following differential equation:
d2d
dx2
 k21d ¼ k21CQ1QT ð13Þ
where
k21 ¼
df
g1d1
k2; CQ1 ¼ d1df CQ and g1 ¼ 1
h0
Ga
sf
d1fτ = τ
)
E
fτ
fτ < τ (c)
a
SE
fτ
)
a
S M
τf
f
(f)
Da
Se
S E
τ
'
S
f
)
d
D
a
S
τf
fτ < τ
(i)
E S
a
)
d
D
fτ < τ
(l)
D
da
S
in Fig. 8); (b) initiation of softening at x ¼ L (point A in Fig. 8); (c) propagation of
opagation of both softening zones (BC in Fig. 8); (f) initiation of debonding at x ¼ L
ing at x ¼ 0 (point D in Fig. 8); (i) debonding initiates at the right end while the left
ess at x ¼ 0 (point E in Fig. 8); (l) linear unloading (EF in Fig. 8).
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force in the plate can be, respectively, solved and expressed by:
d ¼ A coshðkxÞ þ B sinhðkxÞ  CQ1QT ð14aÞ
s ¼ sf
d1
½A coshðk1xÞ þ B sinhðk1xÞ  CQ1QT  ð14bÞ
Np ¼ bpsf
g1k
2
1d1
NT
Cc
þ k21CQ1MT  g1k1½A sinhðkxÞ þ B coshðkxÞ
 
ð14cÞ
The boundary and continuous conditions requires:
Np ¼ Np1 at x ¼ 0 ð15aÞ
Np ¼ Np2 at x ¼ L ð15bÞ
Substituting Eq. (15) into Eq. (14b) yields:
Np1 ¼ bpsf
k21d1
NT2
g1Cc
þ k21CQ1MT1  k1B
 
ð16aÞ
Np2 ¼ bpsf
k21d1
NT2
g1Cc
þ k21CQ1MT2  k1½A sinhðk1LÞ

þB coshðk1LÞg ð16bÞ
From the above two equations (Eqs. (16a) and (16b)), the two
unknown coefﬁcients A and B can be determined and expressed
as the function of the resulting applied load and the axial forces
in the FRP substrate. In the models of Teng et al. (2006) and
Chen et al. (2007), the bond slippage, interface shear stress
and FRP normal stress were also established as the function of
axial force in FRP which was artiﬁcially taken as the known
parameter. During their analysis, the axial forces in both sides
of the concrete and FRP were further assumed to be ﬁxed and
proportional to each other. However, in actual engineering prob-
lem, we cannot get to know the exact distribution of the axial
forces either in the concrete beam nor in the strengthening
plate; neither can we know at ﬁrst the real relationship among
the axial forces in the concrete beam and FRP. In other words,
the undetermined and pending relationship between the axial
force and other variables cannot disclose the real bond failure
process of the plate-strengthened concrete beam with the
increasing of the externally applied load. In this respect, it is
worth exploring an effective approach which is capable of relat-
ing the bond failure process to the externally applied loading, as
presented in the following.
In general, the ﬂexural cracks occur in regions where the dom-
inant traction is the bending moments and the shear stress resul-
tant is relatively low. These cracks are usually associated with
discontinuity in the rotation of the RC beam at the cracked section
and discontinuity in the longitudinal displacement (crack width) at
the tensile face of the beam. This phenomenon can be modeled by
a rotational spring to connect the concrete beams separated by the
local ﬂexural crack (see Fig. 6). The efﬁciency of such a spring mod-
el has been shown by Wang (2006a,b) and thus is used in this
study. The cracks in the concrete beam indicate that there exists
discontinuity of the displacements and rotations at locations of
the cracked sections. By introducing the rotational spring, the local
ﬂexibility can be expressed as:c1t tc2
Kθ2θ1K
Right crackLeft crack
Fig. 6. Spring model of the ﬂexural cracks in concrete beam.dwð0Þc
dx
 dw
ð0þÞ
c
dx
¼ 1
Kh1
Mc1 ð17aÞ
dwðLÞc
dx
 dw
ðLþÞ
c
dx
¼ 1
Kh2
Mc2 ð17bÞ
where Khi ¼ 1iðac ;hcÞDcði ¼ 1;2Þ is the rotational stiffness of the
spring at locations of the left and right ﬂexural cracks; ac and hc
are the depth of the crack and the thickness of the beam, respec-
tively; Dc is the bending stiffness of the whole concrete beam at
the location of the crack, and 1iðac;hcÞ is determined by the crack
geometry. The detailed estimated expression of 1i can be referred
to the study by Paipetis and Dimarogonas (1986).
At the ﬂexure-cracked concrete sections, the continuity condi-
tions are
uð0Þc ¼ uð0þÞc ; wð0Þc ¼ wð0þÞc ; uð0Þp ¼ uð0þÞp ;
wð0Þp ¼ wð0þÞp ;
dwð0Þp
dx
¼ dw
ð0þÞ
p
dx
; ð18aÞ
uðLÞc ¼ uðLþÞc ; wðLÞc ¼ wðLþÞc ; uðLÞp ¼ uðLþÞp ;
wðLÞp ¼ wðLþÞp ;
dwðLÞp
dx
¼ dw
ðLþÞ
p
dx
ð18bÞ
Therefore,
dð0þÞ  dð0Þ ¼ hc
2
dwð0Þc
dx
 dw
ð0þÞ
c
dx
 !
¼ hc
2Kh1
Mc1 ð19aÞ
dðLþÞ  dðLÞ ¼ hc
2
dwðLÞc
dx
 dw
ðLþÞ
c
dx
 !
¼ hc
2Kh2
Mc2 ð19bÞ
Also, the magnitude of the left slip at the ﬂexure-cracked sections
can be approximated to be equivalent to the right one but with
the opposite sign, i.e., dð0Þ ¼ dð0þÞ. Thus, Eq. (19) can be reduced
to:
djx¼0 ¼ dð0þÞ ¼
hc
4Kh1
Mc1 ð20aÞ
djx¼L ¼ dðLÞ ¼ 
hc
4Kh1
Mc2 ð20bÞ
Substituting Eq. (20) into Eq. (14a) and combining with Eq. (16)
gives:
a1Aþ b1B ¼ T1 ð21aÞ
a2Aþ b2B ¼ T2 ð21bÞ
where
a1 ¼ R1; b1 ¼ g1k1b0; a2 ¼ R2 coshðk1LÞ þ b1 sinhðk1LÞ;
R1 ¼ 4kh1hcDc ; R2 ¼
4kh2
hcDc
; b0 ¼ bpsfdf CQ ;
b2 ¼ R2 sinhðk1LÞ þ b1 coshðk1LÞ;
Ti ¼ aN aM aQð Þ NTi MTi QTið ÞT ði ¼ 1;2Þ;
aN ¼ a0Cc ; aM ¼ k
2C2Q
bpsf
df
 1
Dc þ Dp ; and aQ ¼ CQ1b1
From Eq. (21), A and B can be solved as:
A ¼ D1
D
; B ¼ D2
D
ð22a;bÞ
where
D ¼ a1 b1
a2 b2

; D1 ¼ T1 b1T2 b2

; and D2 ¼ a1 T1a2 T2


The slips at the right (i.e., d at x ¼ 0) and left (i.e., d at x ¼ L) ends
may be denoted by D0 and Dl, respectively. They are the relative dis-
placements between the plate and the beam substrate at x ¼ 0 and
x ¼ L and abbreviated as the left and right slips, respectively, in the
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be obtained from Eq. (14a) as:
D0 ¼ A CQ1QT ð23aÞ
Dl ¼ A coshðk1LÞ þ B sinhðk1LÞ  CQ1QT ð23bÞ
By substituting Dl ¼ d1 into Eq. (23b), the elastic critical load PE can
be determined, under which the interface is in the elastic stage.
3.2. State II: elastic-softening state
When the interface stresses and bond slips along the FRP–con-
crete interface develop, the shear stress s will reach sf and the slip
Dl will reach df at one end or subsequently at both ends, corre-
sponding to that the interface debonding propagates to the elas-
tic-softening state (State II). According to the emerging of the
softening zone, the interface may undergo the elastic-softening
stage (Fig. 5b) or softening-elastic-softening stage (Fig. 5c). How-
ever, whichever interface will appear in this state is dependent
on the parameters of the cohesive interface and externally applied
loads, and they will be discussed in this section.
The following governing equations for the elastic–softening
state can be obtained by substituting the relevant relationships
in Eq. (4) into Eq. (11):
d2d
dx2
 k21d ¼ k21CQ1QT for 0 6 jdj 6 d1 ð24aÞ
d2d
dx2
þ k22d ¼ k22df þ CQ2k22QT for  df < d 6 d1 ð24bÞ
d2d
dx2
þ k22d ¼ k22df þ CQ2k22QT for d1 < d 6 df ð24cÞ
where
k22 ¼
df
g2ðdf d1Þ
k2; CQ2 ¼ df d1df CQ and g2 ¼1þ
h0
Ga
sf
d1
ð24dÞ3.2.1. Elastic-softening (E-S) stage
If the right slip Dl reaches d1 while the left slip D0 is still less
than d1 (as in the case shown in Fig. 5b), the right interface enters
the softening zone while the left interface still remains in the
elastic stage, corresponding to an elastic-softening (E-S) stage
(Fig. 5c). Assuming that the softening length at the right is a, then
the elastic zone length at the left equals to L-a. In the left elastic
region ð0 6 0 6 L a;0 6 jdj 6 d1Þ, the solutions of bond slip,
interface shear stress and FRP axial force have the same forms
as in Eq. (14)
d¼A1 coshðk1xÞþB1 sinhðk1xÞCQ1QT ð25aÞ
s¼ sf
d1
½A1 coshðk1xÞþB1 sinhðk1xÞCQ1QT  ð25bÞ
Np ¼ bpsf
d1k
2
1
NT
g1Cc
þCQ1k21MT k1½A1 sinhðk1xÞþB1 coshðk1xÞ
 
ð25cÞ
While in the left softening region ðd1 < d 6 df within L a 6 x 6 LÞ,
these solutions are:
d¼A2 cos½k2ðxLþaÞþB2 sin½k2ðxLþaÞþdf þCQ2QT ð26aÞ
s¼ sf
df d1 fA2 cos½k2ðxLþaÞB2 sin½k2ðxLþaÞCQ2QTg ð26bÞ
Np ¼ bpsf
k22ðdf d1Þ
NT
g2Cc
þCQ2k22MT þk2½A2 sinðk2ðxLþaÞÞ

B2 cosðk2ðxLþaÞÞg ð26cÞ
In this stage, the boundary and continuous conditions are:d ¼ d1 at x ¼ L a ð27aÞ
Np ¼ Np1 at x ¼ 0 ð27bÞ
Np is continuous at x ¼ L a ð27cÞ
By substituting the above boundary and continuous conditions
along with Eq. (20a) into Eqs. (25) and (26), four coefﬁcients
A1;A2;B1 and B2 can be determined as:
A1 ¼ T1 sinhðk1L k1aÞ  b1ðd1 þ CQ1QTÞa1 sinhðk1L k1aÞ  b1 coshðk1L k1aÞ ;
B1 ¼ a1ðd1 þ CQ1QTÞ  T1 coshðk1L k1aÞa1 sinhðk1L k1aÞ  b1 coshðk1L k1aÞ
A2 ¼ d1  df þ CQ2QT ; B2 ¼
g1k1
g2k2
½A1 sinhðk1L k1aÞ
þ B1 coshðk1L k1aÞ
Substituting Eqs. (15b) and (20b) into Eq. (25c) gives the relation-
ship between the length of the right softening region a and exter-
nally applied load as:
ða0  g2k2b0Þ cosðk2aÞ þ ða0 þ g2k2b0Þ sinðk2aÞ
¼ aNNT2 þ aMMT2 þ a0ðdf  CQ2QTÞ ð28Þ
In this stage, the left ðD0Þ and right ðDlÞ slips can be obtained from
Eqs. (25a) and (26a), respectively, as:
D0 ¼ A1  CQ1QT ð29aÞ
Dl ¼ A2 cosðkaÞ þ B2 sinðkaÞ þ df  CQ2QT ð29bÞ
By substituting D0 ¼ d1 into Eq. (29a) along with Eq. (28), the left
softening critical load PS and its corresponding softening length aS
of the right interface can be determined. Beyond the critical load
PS, the interfaces near both two ends enter the softening stage as
discussed next.
3.2.2. Softening-elastic-softening (S-E-S) stage
If the left slip D0 reaches d1 after the right slip Dl reaches d1 but
before it reaches df (Fig. 5d), the left interface will also enter the
softening zone. In this case, the FRP–concrete interface between
the two adjacent ﬂexural cracks includes three different zones:
the left softening, the middle elastic, and the right softening zones,
and it corresponds to the softening-elastic-softening (S-E-S) stage
(Fig. 5e). Assuming that the lengths of the softening zones at the
left and right equal to e and a, respectively. The solutions for the
left softening, the middle elastic and the right softening zones
are, respectively, given as follows: In the left softening region
ðdf < d 6 d1 within 0 6 x 6 eÞ:
d ¼ A3 cos½k2ðx eÞ þ B3 sin½k2ðx eÞ  df þ CQ2QT ð30aÞ
s ¼ sf
df  d1 fA3 cos½k2ðx eÞ  B3 sin½k2ðx eÞ  CQ2QTg ð30bÞ
Np ¼ bpsf
k22ðdf  d1Þ
NT
g2Cc
þ k22CQ2MT þ k2½A3 sinðk2ðx eÞÞ

B3 cosðk2ðx eÞÞg ð30cÞ
In the middle elastic region (0 6 d 6 d1 within e 6 x 6 L a):
d ¼ A4 cosh½k1ðx eÞ þ B4 sinh½k1ðx eÞ  CQ1QT ð31aÞ
s ¼ sf
d1
fA4 cosh½k1ðx eÞ þ B4 sinh½k1ðx eÞ  CQ1QTg ð31bÞ
Np ¼ bpsf
k21d1
NT
g1Cc
þ k21CQ1MT  k1½A4 sinhðk1ðx eÞÞ

þB4 coshðk1ðx eÞÞg ð31cÞ
and in the right softening region (d1 < d 6 df within L a 6 x 6 L):
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s ¼ sf
df  d1 fA5 cos½k2ðx Lþ aÞ  B5 sin½k2ðx Lþ aÞ
 CQ2QTg ð32bÞ
Np ¼ bpsf
k22ðdf  d1Þ
NT
g2Cc
þ k22CQ2MT þ k2½A5 sinðk2ðx Lþ aÞÞ

B5 cosðk2ðx Lþ aÞÞg ð32cÞ
In this stage, the boundary and continuous conditions are:
d ¼ d1 at x ¼ e ð33aÞ
d ¼ d1 at x ¼ L a ð33bÞ
Np is continuous at x ¼ e and x ¼ L a ð33cÞ
By combining Eq. (32) and Eqs. (29) to (31), the six coefﬁcients Ai
and Biði ¼ 3;4;5Þ can be determined
A3 ¼ df  d1  CQ2QT ; B3 ¼
g1k1
g2k2
B4
A4 ¼ d1 þ CQ1QT ; B4 ¼ d1tanh1ðk1ðL a eÞ=2Þ
 CQ1QT tanhðk1ðL a eÞ=2Þ
A5 ¼ d1  df  CQ2QT ; B5 ¼
g1k1
g2k2
fd1tanh1ðk1ðL a eÞ=2Þ
þ CQ1QT tanhðk1ðL a eÞ=2Þg
Substituting Eqs. (15) and (20) into Eqs. (29c) and (31c), the soften-
ing zone lengths e and a related to the applied load for an S-E-S
interface can be determined by the following two equations:
ða1A3 þ g2k2b0Þ cosðk2eÞ  ða1B3  g2k2b0Þ sinðk2eÞ
¼ aNNT1 þ aMMT1 þ a1ðdf  CQ2QTÞ ð34aÞ
ða0A5  g2k2b0B5Þ cosðk2aÞ þ ða0B5  g2k2b0A5Þ sinðk2aÞ
¼ aNNT2 þ aMMT2 þ a0ðdf þ CQ2QTÞ ð34bÞ
The left ðD0Þ and right ðDlÞ slips in this stage can then be obtained
from Eqs. (29a) and (31a), respectively, as:
D0 ¼ A3 cosðk2eÞ  B3 sinðk2eÞ  df  CQ2QT ð35aÞ
Dl ¼ A5 cosðkaÞ þ B5 sinðkaÞ þ df  CQ2QT ð35bÞ3.3. State III: elastic-softening-debonding state
For the State II interface, with the increasing of the bond slip,
the right slip Dl will eventually reach df (see Fig. 4), indicating that
the debonding initiates at the right end. The two scenarios associ-
ated with the interface debonding (D) emerge: S-E-S-D and E-S-D,
and they are explained as follows. If the right slip Dl reaches df after
the left slip D0 reaches d1 (Fig. 5f), the State II (i.e., S-E-S) interface
becomes an S-E-S-D one (Fig. 5g); while in the cases when the right
slip Dl reaches df before the left slip D0 reaches d1 (Fig. 5i), the deb-
onding initiates at the right end while the left interface remains in
elastic and an the State I (i.e., E-S) interface becomes an E-S-D one
(Fig. 5j).
3.3.1. Softening-elastic-softening-debonding (S-E-S-D) stage
For an S-E-S (State II) interface, it evolves to an S-E-S-D one
when debonding initiates at the right end. By substituting Dl ¼ df
into Eq. (35b) and combining with Eqs. (34a) and (34b), the critical
debonding load PD and the corresponding softening length of the
left and right interface eD and aD can be determined. With the prop-
agation of the debonding, the peak interface shear stress near the
right end moves towards the left, and as a result, the total length
of the intact interface between the two adjacent ﬂexural cracks re-
duces. Assume that the whole local bond-slip relationship before
debonding is fully reversible during unloading. Thus, as debondingpropagates, the peak interface shear stress near the left end also
moves towards the left, and as a result, the left softening zone be-
gin to experience unloading. By virtue of equilibrium condition as
shown in Fig. 2, it can be seen that the area surrounded by the
interface shear stress distribution diagram (see Fig. 5) is in fact
the difference of the axial force in FRP at the left end and that at
the debonding tip. Combining this relationship with Eqs. (30c),
(31c) and (32c), we ﬁnd that as e (the length of left softening zone)
decreases (i.e., the peak interface shear stress near the right end
moves towards the left), the axial force in FRP plate at the debond-
ing tip still keeps increasing, manifesting that the externally ap-
plied load increase even when the left softening zone
experiences unloading.
Let the debonded length of the interface at the right end equal
to d. Eqs. (30) to (33) remain valid if L is replaced by ðL dÞ. At re-
gions of xP L d, the interface shear stress is zero. By substituting
djx¼Ld ¼ df into Eq. (32a) and combining with Eqs. (34a) and (34b),
the left and right interface softening length e and a can be solved
for a given debonding length d if the bond length L is replaced by
L d. During this debonding process, the right slip can be obtained
from:
Dl ¼ df þ
Z L
Ld
Nc
Ecbchc
þ Mc
EcIc
hc
2
 
 Np
Epbphp
 Mp
EpIp
hp
2
  
dx ð36Þ
As the debonding propagates further, the S-E-S-D interface reduces
to an E-S-D interface after the left softening interface disappears
(Fig. 5h). Substituting e ¼ 0 into Eq. (34a) and djx¼Ld ¼ df into Eq.
(32a), and along with Eq. (34b), the applied load PU and the corre-
sponding debonded length dU and softening length aU can be
determined.
3.3.2. Elastic-softening-debonding (E-S-D) stage
For some cases, an E-S-D interface can also evolve directly from
an E-S (State I) interface if debonding initiates at the right end
while the left interface still remains in elastic (Fig. 5i). By substitut-
ing Dl ¼ df into Eq. (29b) and combining with Eq. (28), the critical
debonding load P0D and the corresponding critical length of the soft-
ening interface a0D can be determined in this case. Assuming that
the debonded length of the right interface is d (see Fig. 5j), Eqs.
(25) and (26) are still valid for the E-S-D interface if L is replaced
by L-d. During this debonding process, the right slip can also be
determined by Eq. (36).
When the left softening zone disappears (i.e., e ¼ 0), using a
similar analysis discussed in Section 3.3.1, it can be found that with
the growth of debonding, the size of the elastic zone near the left
end decreases gradually while the size of the softening zone in-
creases slowly, exhibiting that the external loading still keeps
increasing with the growth of the debonding towards the left
end. However, this period is much short since the area surrounded
by the elastic region is much smaller than that of the softening
zone (see Fig. 4). Therefore, as debonding propagates, the size of
the elastic zone reduces rapidly until it disappears, i.e., when the
peak interface shear stress arrives at the left end (Fig. 5k). Corre-
spondingly, the E-S-D interface evolves into an S-D one. Hereafter,
the area of the softening zone will decrease gradually along with
the decreasing of the applied load as the debonding length d in-
creases, demonstrating that the maximum (ultimate) applied load
PU obtained just at the point when an E-S-D interface evolves into
an S-D one. Then, as the debonding propagates further and the
effective transfer loading from the concrete beam to the strength-
ening plate decreases sufﬁciently, the ﬂexural cracks in the con-
crete beam will propagate and grow towards the neutral axial of
the concrete beam. During this stage, the debonding of the FRP–
concrete interface and the propagation of the ﬂexural cracks in
the concrete beam are interdependent. In such a case, the adjacent
ﬂexural cracks become unstable in parallel with suddenly de-
Fig. 8. Externally applied load vs. bond slip curve of FRP-plated concrete beam.
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fully debonding of the FRP–concrete interface between the two
adjacent cracks.
4. Numerical example and parametric study
In this section, numerical examples and parametric study are
conducted for a simply supported FRP-plated concrete beam under
four-point bending shown in Fig. 1, and the failure processes iden-
tiﬁed above are analyzed. The loading and geometric parameters
are chosen as: S1 ¼ S2 ¼ 50 mm, L1 ¼ 300 mm, L2 ¼ 400 mm, and
L ¼ 500 mm. The following reference parameters collected from
the other experimental or analytical models (Pan and Leung,
2007; Teng et al., 2006; Wang, 2006a; Wu and Yin, 2003; Yao
et al., 2005; Yuan et al., 2004) are used in this example:
hp ¼ 0:22 mm, bp ¼ 50 mm, hc ¼ 100 mm, bc ¼ 100 mm,
Ep ¼ 256 GPa, Ec ¼ 28:6 GPa, h0 ¼ 2:5 mm, E0 ¼ 0:992 GPa,
t0 ¼ 0:25; d1 ¼ 0:034 mm, df ¼ 0:16 mm, and sf ¼ 7:2 MPa. The
coefﬁcients of rotational spring 1i at locations of the left and right
ﬂexural cracks are, respectively, chosen as 11 ¼ 0:0001167 and
12 ¼ 0:0001062, which were veriﬁed by Wang (2006a) via the
comparisons with the ﬁnite element solutions (Wu and Yin,
2003) when studying the ﬁrst type of IC debonding of FRP plated
concrete beam.
4.1. Interface shear stress and debonding growth
The interface shear stress distributions and propagation of deb-
onding along the FRP–concrete interface are shown in Fig. 7. The
corresponding external loading vs. right bond slip curve is exhib-
ited in Fig. 8. When the external loading is less than the elastic crit-
ical load PE, the entire interface is in an elastic stage (Fig. 5a and OA
in Fig. 8). The interface shear stress distribution along the FRP–con-
crete interface is given by Line 1 in Fig. 7; the load–displacement
relationship is linear at this elastic stage. Softening then initiates
at the right end once the external loading reaches PE ¼ 1:896 kN
(Fig. 5b and point A in Fig. 8), and the interface enters the elas-
tic-softening (E-S) stage (Fig. 5c and AB in Fig. 8). As the applied
loading continues to increase, the peak shear stress sf moves to-
wards the left and the softening zone length a increases. During
this period, the interface shear stress at the left end increases while
that at the right end decreases simultaneously. When the external
loading reaches the left softening critical load PS ¼ 2:475 kN
(Fig. 5d and point B in Fig. 8), the left interface shear stress reaches
sf and softening also initiates at the left end, which is highlighted
by Line 2 in Fig. 7. At this point, the corresponding softening length
aS of the right interface reaches 62.7 mm. Both the left and right
softening zones increase with the external loading (Fig. 5e and
BC in Fig. 8) until the interface shear stress at the right end reduces
to zero, indicating that debonding initiates at the right end as
shown by Line 3 in Fig. 7. In this case, the externally applied loadFig. 7. Debonding process analysis of the FRP–concrete interface.arrives at the debonding critical load PD ¼ 4:801 kN, and the length
of left softening zone then reaches its maximum value eM (Fig. 5f
and point C in Fig. 8) after which the interface near the left end
experiences unloading along with the decreasing of the size of
the left softening zone. The size of the left and right softening
zones at this point are eM ¼ 39:1 mm and aD ¼ 108:95 mm, respec-
tively. It should be noted that the unloading in the left softening
zone can start either before or after initiation of debonding at the
right end, which depends on many factors, such as the geometry
of the bonded joint, external loading types, and material properties
of FRP plate and the concrete beam.
With the propagation of the debonding, the left peak shear
stress moves towards the left end, and the size of the left softening
zone e reduces gradually whilst the external loading continues to
increase (Fig. 5g and CD in Fig. 8). When the left peak shear stress
moves back to the left end, the left softening zone disappears
(Fig. 5h and point D in Fig. 8) and the left interface is reversed to
an elastic stage. Correspondingly, the interface enters an elastic-
softening-debonding (E-S-D) stage (Fig. 5j and DE in Fig. 8). The
critical external loading P0S, the size of the softening zone a
0
S, and
the debonded length d at this point are P0S ¼ 9:031 kN,
a0S ¼ 110:49 mm, and d ¼ 316:3 mm, respectively. As the debond-
ing grows further, the size of the left elastic zone reduces rapidly
until it disappears and the external loading reaches its maximum
PU ¼ 9:376 kN (Fig. 5k and point E in Fig. 8). At this critical point,
the size of the softening zone a0S ¼ 115:10mm. Thereafter, the
whole interface becomes the softening-debonding one (Fig. 5l
and EF in Fig. 8). During this stage, the ﬂexural cracks in the con-
crete beam become unstable and expand towards the neutral axial
of the concrete beam along with suddenly decreased external load-
ing and rapid growth of the debonding until the FRP–concrete
interface between the two adjacent ﬂexural cracks is fully debond-
ed. It is assumed that there is no plastic deformation in both the
FRP plate and concrete beam after the external loading reduces
to zero when the full debonding occurs in the plated beam. Conse-
quently, the bond slip at the right end will eventually reduce to the
initial debonding slip df (point F in Fig. 8).
4.2. Effect of the thickness of adhesive layer
Most of existing studies in the literature have not taken the ef-
fect of the thickness of adhesive layer into account, and the perfor-
mance of the adhesively bonded interface thus has nothing to do
with the adhesive layer. However, according to the experimental
study of Pan and Leung (2007), the mean thickness of the adhesive
is an important factor affecting the debonding behavior. In this
study, different thicknesses of the adhesive layer are selected to
examine the effect of the thickness of adhesive layer on perfor-
mance of the FRP–concrete interface. The shear stress distributions
along the FRP–concrete interface for three different thicknesses of
adhesive layer under the same external loading P ¼ 3:807 kN are
Table 1
External loadings at different stages with different thickness of adhesive layer.
PE (KN) PS (KN) PD (KN) P
0
S (KN) PU (KN)
h0 ¼ 1:0 (mm) 1.037 1.962 3.801 7.932 7.948
h0 ¼ 2:5 (mm) 1.896 2.475 4.801 9.031 9.376
h0 ¼ 4:0 (mm) 2.463 3.229 5.093 10.174 10.392
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adhesive layer between the concrete and FRP plays a signiﬁcant
role in the distribution of interface shear stress as well as the
growth of debonding. In the case of the adhesive layer with the
smallest thickness (i.e., h0 ¼ 1:0 mm in this example), a full soften-
ing zone is created, and debonding initiates at the right end. When
h0 ¼ 2:5 mm, the shear stress at the right end is greater than zero,
and it shows that only a partial softening zone (69.02 mm) appears
along the FRP–concrete interface near the right end. If the thick-
ness of adhesive layer further increases to h0 ¼ 4:0 mm, a smaller
softening zone (59.86 mm) is observed. As shown in Fig. 9, with the
increase of the thickness of adhesive layer, the size of softening
zone near the right end will increase after debonding initiates,
which to some extent suggests that the capacity of the FRP–con-
crete interface develops with the thickness of adhesive layer. This
phenomenon can be easily explained from the expressions of the
interface shear stress when the FRP–concrete interface enters the
softening stage (see Eqs. (26b) and (32b)). In the softening regions,
the length of softening zone is proportional to 2p=k2, while k2 is in-
versely proportional to h0 as shown in Eq. (24d). Therefore, as the
thickness of adhesive layer increases, k2 will decrease, and as a re-
sult, the size of the softening zone increases.
The critical external loadings (PE; PS; PD; P
0
S and PD as discussed
in Section 3) of the FRP–concrete interface at different stages for
different thickness of adhesive layer are obtained and compared
in Table 1. It can be seen from Table 1 that all these critical loadings
increase with the thickness of adhesive layer. This phenomenon, on
the other hand, again indicates that the capacity of the FRP–con-
crete interface is improved with the increased thickness of adhe-
sive layer.
5. Conclusions
In this study, the so-called second type of intermediate crack
(IC)-induced debonding of FRP-plated concrete beams under
four-point bending is analyzed through a nonlinear fracture
mechanics approach (a cohesive zone model). Both the concrete
beam and FRP plate are modeled as linearly elastic beams while
the FRP–concrete interface is modeled using a bi-linear bond-slip
law. A bi-linear cohesive zone model is thus adopted and then used
to simulate the initiation, growth and failure of FRP–concrete
interface debonding. A rotational spring model is introduced at
locations of the two adjacent ﬂexural cracks to model the local
ﬂexibility of the cracked concrete beams, with which the relation-
ship between the local bond slip and externally applied load is
established and the real bond failure process of the FRP-plated con-
crete beam with the increasing of the actual externally applied
load is manifested. The whole debonding process of the FRP–con-
crete interface is discussed in detail, and the closed-form solutions
of the bond slip, interface shear stress, and axial force of FRP in dif-
ferent stages are derived. Parametric study is carried out to exam-Fig. 9. Effect of the thickness of adhesive layer on the interface behavior.ine the effect of the thickness of adhesive layer on the performance
of the FRP–concrete interface. It has been found that the size of the
softening zone will increase, and as a result, the capacity of the
FRP–concrete interface will be improved with the increase of the
thickness of adhesive layer. The established relationship between
the response of FRP–concrete interface and externally applied
loading sheds light on the mechanism of the second type of IC deb-
onding in the FRP-plated concrete beams in ﬂexure.
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